Introduction {#Sec1}
============

Acoustic waves, along with electromagnetic waves, are widely used in everyday life in applications ranging from human verbal communication to medicine, industry and the military. The development of acoustic metamaterials that can manipulate sound propagation is important and is currently an area of active research^[@CR1],[@CR2]^. When a wave passes through a boundary between two materials with different physical properties, reflection inevitably occurs at the interface between these materials, and such reflections can be a troublesome factor that causes performance deterioration in devices that use these waves. Therefore, the reduction of reflections at boundaries is of great scientific and engineering interest.

A metamaterial is a material that consists of an artificial structure satisfying the homogeneous medium condition (where the length of the unit cell \<*λ*/4)^[@CR3]^. Because metamaterials are capable of demonstrating new wave phenomena that are not seen in nature, research related to these materials is being actively conducted worldwide. However, even in a metamaterial, it is still difficult to prevent reflections at boundaries with normal materials. For example, because a reduced cloaking condition that included impedance mismatch was used for the study of invisibility cloaking, imperfect cloaking that resulted in an unavoidable reflection at the cloak surface was obtained^[@CR4]--[@CR6]^. Therefore, the development of a method to effectively remove reflections would be highly useful for a variety of metamaterial applications, such as the development of stealth functions. In addition, because resonance-based lumped elements are used to construct metamaterials in most cases^[@CR7]--[@CR12]^, the physical properties of the resulting metamaterials are strongly dispersive. In many cases, dispersive materials have disadvantages for use in specific applications; therefore, it is important to realize a non-dispersive metamaterial for practical applications.

The realization of the principle of an acoustic metamaterial that does not cause reflections at boundaries in all frequency regions while exhibiting positive and negative refractive index properties will be of major significance and will represent a new milestone in both academic and practical terms. To date, various methods have been proposed to solve the reflection problem in acoustics, including the use of the gradient index technique^[@CR13]--[@CR15]^, symmetry-breaking metamaterials^[@CR16]^, and impedance matching of two media, in a specific refractive index range or at a specific angle of incidence^[@CR7],[@CR17]--[@CR19]^. However, in these cases, an anti-reflection property was only achieved at a specific refractive index range or angle of incidence, and there have been no reports to date of an anti-reflection property being achieved for all refractive indices, including positive and negative indices, and regardless of the angle of incidence.

However, in transmission line metamaterials, it has been established that the impedance of the metamaterial can be matched with that of the air when the balanced condition is satisfied^[@CR3]^. This condition can be achieved by ensuring that the product of the shunt inductance and the capacitance has the same value as the product of the series inductance and the capacitance. In such a balanced metamaterial, reflections can be strongly suppressed and the transmission can be maximized over the entire refractive index range. Various applications of these metamaterials have been reported^[@CR20]--[@CR22]^. In this paper, based on membrane/open-tube composite structures^[@CR23]^, we theoretically propose a balanced acoustic metamaterial that is impedance matched with air for all refractive indices including negative indices and verify the proposed metamaterial experimentally.

Results {#Sec2}
=======

The constituent parameters that determine the propagation characteristics of acoustic waves in a material are the density of the medium $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho $$\end{document}$ and its bulk modulus *B*. The velocity of an acoustic wave in the medium *v*~*p*~ and the refractive index relative to air *n* are given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${v}_{p}=\sqrt{\frac{B}{\rho }},$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n=\sqrt{\frac{{\rho }_{r}}{{B}_{r}}},$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${B}_{r}=B/{B}_{0}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\rho }_{r}=\rho /{\rho }_{0}$$\end{document}$ are the relative values of the bulk modulus and the mass density of the medium, respectively, with respect to the values in air, which are $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${B}_{0}=1.42\times {10}^{5}\,{\rm{Pa}}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\rho }_{0}=1.22\,{\mathrm{kg}/m}^{3}$$\end{document}$. The characteristic impedance of the medium for an acoustic wave *Z*~*m*,*c*~ is given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${Z}_{m,c}=\rho {v}_{p}=\sqrt{\rho B}.$$\end{document}$$

When air and the medium are in contact, then the reflection coefficient (or reflectivity) *r* of the acoustic wave at the boundary is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$r=\frac{{p}^{-}}{{p}^{+}}=\frac{{Z}_{m,c}-{Z}_{air,c}}{{Z}_{m,c}+{Z}_{air,c}},$$\end{document}$$where *Z*~*air*,*c*~, *p*^+^, and *p*^−^ are the characteristic impedance of the air and the pressure amplitudes of the incident and reflected waves, respectively^[@CR24]^.

When open tubes (OTs) are installed periodically as lumped elements in a one-dimensional acoustic waveguide, the pressure amplitude in the waveguide is affected by the dynamic motion of the air column that exists in the OT, and the value of the bulk modulus thus changes^[@CR25]^. In this case, the bulk modulus of the medium *B* is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$${\omega }_{OT}=c\sqrt{S/l^{\prime} dA}$$\end{document}$, and, if only OTs have been installed, the mass density of the metamaterial *ρ* is equal to that of air *ρ*~0~. Here, *c*, *S*, *l*′, *d*, and *A* are the speed of sound in air, the cross-sectional area of the OT, the effective length of the OT, the unit cell length, and the cross-sectional area of the waveguide, respectively.

When membranes of mass *M* are installed periodically as lumped elements within a one-dimensional acoustic waveguide, a dynamic restoring force is caused by the motion of the membrane. As a result, the motion of the medium is affected by this membrane motion (with acceleration), and the mass density of the medium *ρ* changes. If only thin membranes are installed in the waveguide, then the effective mass density of the metamaterial is$$\documentclass[12pt]{minimal}
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                \begin{document}$$\rho ^{\prime} ={\rho }_{0}+M/Ad$$\end{document}$, and *k*~*mem*~ are the transition frequency of the effective mass density, the static value of the effective mass density of the medium increased by the mass of the installed membrane, and the effective spring constant of the membrane, respectively^[@CR26]^.

In the case of an acoustic metamaterial with a composite structure in which OTs and membranes are arranged alternately, each lumped element affects the constituent parameters of the medium independently. The static density of the medium then becomes *ρ*′ rather than *ρ*~0~ because of the effect of the membrane mass, and the transition frequency of the bulk modulus should be modified to take the form $\documentclass[12pt]{minimal}
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The refractive index can be negative or positive and can have imaginary values as the angular frequency *ω* varies.

In addition, the acoustic impedance of a one-dimensional composite acoustic metamaterial with an OT and a membrane *Z*~*m*~ is given by$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$${Z}_{m}=1.22{Z}_{air}$$\end{document}$, and the sound reflectance *R* is approximately 1.02%.Figure 1Physical properties of the acoustic metamaterial with a composite structure containing OTs and membranes. The magenta (dotted), blue (dotted), black (solid), red (solid), and green (solid) lines represent *ω*~*OT*~/*ω*~*mem*~ = 0.6, 0.8, 1.0, 1.4, and 1.8, respectively. (**a**) The refractive index of the composite acoustic metamaterial with normalized frequency. No forbidden band occurs when *ω*~*OT*~ = *ω*~*mem*~. (**b**,**c**) Normalized acoustic impedances of the composite metamaterials with respect to normalized frequency. The acoustic impedance is non-dispersive when *ω*~*OT*~ = *ω*~*mem*~. (**d**,**e**) Sound reflectance at the air/metamaterial boundary with respect to normalized frequency. The acoustic power reflection is approximately 1.2% when *ω*~*OT*~ = *ω*~*mem*~. (**f**) Change in reflectance with respect to refractive index.

The measured results for the balanced acoustic metamaterial realized in experiments are shown in Fig. [2](#Fig2){ref-type="fig"}. Figure [2(a)](#Fig2){ref-type="fig"} shows the refractive index of the balanced acoustic metamaterial as a function of frequency. As shown in the figure, the experimental results are in good agreement with the theoretical results, and there is no forbidden band gap. In Fig. [2(b)](#Fig2){ref-type="fig"}, we show the change in the refractive index *n* with frequency when $\documentclass[12pt]{minimal}
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                \begin{document}$${\omega }_{mem}$$\end{document}$.Figure 2Experimental results. The marked points and corresponding lines indicate the results of measurements and calculations from theory, respectively. The arrow marks indicate singular points. (**a**) Refractive index vs. frequency when the metamaterial system is balanced; *ω*~*OT*~/*ω*~*mem*~ = 1.0. (**b**) Refractive index vs. frequency when the system is unbalanced; *ω*~*OT*~/*ω*~*mem*~ = 0.84 (magenta), *ω*~*OT*~/*ω*~*mem*~ = 1.64 (green). (**c**) Sound reflectance vs. frequency (balanced). (**d**) Sound reflectance vs. refractive index (balanced). (**e**) Sound reflectance vs. refractive index (unbalanced); *ω*~*OT*~/*ω*~*mem*~ = 0.84 (magenta), *ω*~*OT*~/*ω*~*mem*~ = 1.64 (green).

Figure [2(c,d)](#Fig2){ref-type="fig"} show the changes in reflectance that occurred when $\documentclass[12pt]{minimal}
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Discussion {#Sec3}
==========

We have presented a theoretical basis for a balanced acoustic metamaterial that not only has positive and negative refractive indices but also zero reflections from interfaces with normal materials. Using membranes and OTs, we realized a balanced acoustic metamaterial. We then measured the physical properties of a fabricated balanced acoustic metamaterial in the frequency region in which the homogeneous medium condition is satisfied. It was observed that the balanced metamaterial has either a positive or negative refractive index with no forbidden gap. While the reflectance was enhanced at some specific frequencies because the measurement system consists of three media, the resulting reflectance values were measured to be less than 10% within the measured refraction area. Because acoustic waves are widely used in medical, industrial and military applications, the range of fields in which this acoustic metamaterial can be applied is also very wide. The realization of an anti-reflection property using the proposed balanced acoustic metamaterial is very important for both medical and industrial purposes and will therefore make a significant contribution to the academic advancement of metamaterials.

Methods {#Sec4}
=======

Figure [3(a)](#Fig3){ref-type="fig"} shows a schematic diagram of the unit cell of the composite metamaterial with the OT and membrane installed periodically to realize a balanced one-dimensional acoustic metamaterial. The unit cell made from a 10-mm-thick acrylic cylinder has a length of $\documentclass[12pt]{minimal}
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                \begin{document}$$1.467\times {10}^{3}\,{\mathrm{kg}/m}^{3}$$\end{document}$. Both *f*~*mem*~ (=*ω*~*mem*~/2*π*) and *f*~*OT*~ (=*ω*~*OT*~/2*π*) are determined by measuring the transition points of the normalized amplitudes of the acoustic waves in the metamaterial^[@CR27],[@CR28]^. *f*~*mem*~ is determined to be 308 Hz. The value of *f*~*OT*~ can be varied between 260 and 510 Hz by varying the effective length of the OT *l*′ which is varied from 11 to 45 mm in the experiment.Figure 3Schematic diagrams of the acoustic metamaterial and experimental setup. (**a**) Cross-sectional diagram of the unit cell. The inner diameters of the open tube and waveguide are 10 and 30 mm, respectively. The effective length of the open tube is varied from 11 to 45 mm. (**b**) Experimental setup. *d*~1~(=20 mm) and *d*~2~(=55 mm) indicate the distances of the open tube and membrane from the left side of the unit cell whose length is *d*(=70 mm). *X*~1~(=2.0 m), *X*~2~(=1.47 m) and *X*~3~(=50.0 m) indicate the lengths of the normal waveguide, metamaterial and absorber, respectively.

The setup for the experiments is shown in Fig. [3(b)](#Fig3){ref-type="fig"}. Sound waves generated by a speaker installed at the left end of the normal waveguide propagate through the normal waveguide and enter the metamaterial. The inner diameter and length of the normal waveguide are 30 mm and 2.0 m, respectively, and the corresponding values for the metamaterial are 30 mm and 1.47 m. The sound waves that pass through the metamaterial propagate to a long absorber with a diameter of 30 mm and length of 50 m. To simplify the consideration of the acoustic characteristics during the experiments, we ensured that the inner diameters of the normal waveguide, metamaterial, and absorber were all the same. The absorber located at the right end of the metamaterial absorbs acoustic energy, which results in negligibly small reflections; thus, the system behaves as if it extends to infinity. Therefore, our system can be regarded as a three-medium system consisting of an air-metamaterial-absorber combination. The pressure amplitude is measured using a miniature condenser-type microphone in both the incident waveguide and the metamaterial as a function of time and position. The reflection that occurs at the boundary between the metamaterial and the normal material is determined by measuring the standing wave ratio (SWR) of the acoustic wave along the left normal waveguide in the frequency range between 150 and 1200 Hz. The homogeneous medium condition is satisfied between these frequencies.
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